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Abstract:

In practice, we need to consider fuzzy variables affected by stochastic factors. They cannot be
formalized either using solely fuzzy or stochastic approaches. In a number of analyses of practical
systems, it is therefore necessary to use an integrated approach — fuzzy-stochastic - and formalize the
fuzzy random variables. A fuzzy random variable can be regarded as a random variable measured
under uncertain conditions, i.e. was not obtained under strictly defined experimental conditions. To
estimate such fuzzy random variables statistical methods can be applied, they are, however, extended
by including the fuzzitivity of random data. The paper addresses the issue of the theory of fuzzy random
variables, determining their functional and numerical fuzzy characteristics and presents a numerical
example.

Key words:
stochasticity, fuzzitivity, fuzzy set, fuzzy-stochastic value, functional characteristics, numerical
characteristics

JEL: C51, C65

1 Introduction: Heading for the introductory chapter

Information and results from statistical analyses can be, to a significant degree, devalued by the
influence of non-negligible vague certainty of the input variables and calculation models. Therefore it
needs to be decided, from which moment in the statistical analysis the necessity arises to recognize and
quantify also the influence of the subjective (vague, fuzzy) uncertainty.

It is possible to state that the existence of fuzzy stochasticity can be tangible in practical cases, if:

- The extent of the selection sets is small and lacks further a priori information on the
static properties of the measured variable,

- Statistical data has the property of fuzzitivity, i.e. has uncertain accuracy

- Statistical data was gained under uncertain, non-defined or non-reproduced
circumstances.
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In order to express the degree of vagueness of a random variable, the following non-parametrical
tests of statistical hypotheses of the properties and parameters of the selection set can be used:

- Set randomness test — zero hypothesis HO: “Elements of the set are random”

- Set homogeneity test — test of a set including the elements (a — d) and zero hypothesis
HO: “The selection set consists of two subsets (a - b) and (c - d), originating from an
identical distribution”

- Kolmogorov-Smirnov set distribution type test — the type of the set distribution function
is estimated using the Kolmogorov-Smirnov nonparametric test of equality. If the type of
the set distribution cannot be unambiguously estimated, the statistical prerequisite of
identical and independent distribution of the selection set is not fulfilled.

The statistical hypotheses tests enable verification or rejection of the premise of the stochastic
character of the selection set.

If the selection set does not sufficiently prove its stochastic properties, a fuzzy stochastic
approach has to be used in order to analyse it (Mdller and Beer, 2004).

2 Methods

21 Fuzzy Random Variable
Fuzzy random variable is represented by random data being the bearer of complementary
uncertainty - fuzzitivity (Moller and Beer, 2004), (Mdller, 2004).

211 Fuzzy random variable model

Let us consider a space Q of random phenomena « (observation). Let us denominate by a
fuzzy realisation the one-dimensional fuzzy random variable X as X(@), € Q. Every fuzzy number
X is defined as a convex normal fuzzy set (Méller and Beer, 2004)

¥ =fou (0| xeXx | (1)

where the membership function x. (x) is the function of pertinence of the fuzzy number X at

least partially continuous. The fuzzy random variable Xis then defined as the fuzzy result of uncertain
mapping

X: Q> FR" (2)

where F(R")is the set of all (normal) fuzzy numbers in R”".
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Fig. 1: Realisation of the one-dimensional fuzzy random variable X
u(x)
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Source: (Méller and Beer, 2004) (adapter)
Every realisation x, = x(w,) of the real random variable X'is in Fig.1 represented by black dots.

The realisation is meanwhile one of the values of the bearer of the corresponding fuzzy number
x(w,) € X(w,) as a realisation of the fuzzy random variable X.

The membership function of the triangular approximation of the fuzzy number A with the meaning
,probably " is shown in Fug. 2. The numerical interval <o —c, « + ¢ > denominates an uncertain
area, where the values o with the degree of uncertainty z-(x) e <O,1> occur (Novak, Perfilieva and
Dvorak, 2016).

Fig. 2: Membership function of fuzzy number 4
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Source: own creation
The membership function is approximated by angular lines. The boundaries — bearer and the
single elemented core of the fuzzy set — are given by the parameters

~

A z[a—c,a,a+c]. (3)

X

2.2  Specifics of the Characteristics of Fuzzy Random Variable

2.2.1 Definition of numerical parameters of fuzzy random variable

The type of density of a probability distribution and the parameters of fuzzy random variable
must be determined on the basis of an analysis of the selection set of fuzzy random variable X.

The following text discusses a one-dimensional fuzzy random variable X . Let us mention the
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relations for the parameters (moments) of its function of density of a probability distribution (Méller

and Beer, 2004), (Mdller, 2004).
The general moment of one-dimensional fuzzy random variable of the k-th order is defined as

i, =EX* = x_f;kj(x)dx (4)

X=—00

For k =1, we gain the relation for fuzzy medium value of the fuzzy random variable X as

x=+

m. =EX = jjc.f(x)dx (5)

X

X=—00

the central moment of the one-dimensional fuzzy random variable of the k-th order is defined as

X=+00

Cow =E(X =) = [(x-f )" f(x)dx (6)

X=—00

if k = 2, then the relation of fuzzy sparsity for fuzzy random variable X follows

G, =D X = [(x-f,)" T (x)dx (7

X=—00

and the fuzzy conclusive deviation of the random variable Xis given by the relation

o, = VD*X = \/XTEx—ﬁlx)z.]N’(x)dx : (8)

X=—00

The selection set of observed values is the source for the specification of pertinence. The base for
the construction of the membership function is then a histogram or confidence interval. Subjective
aspects can be used to correct its shape.

2.2.2 Analytical fuzzification of numerical parameters of the random variable
Confidence interval method

Presuming the existence of an estimate of the type of probability distribution of the random variable
reduces the problem to the determination of numerical parameters for division. The parameters are
modelled by fuzzy numbers. The medium value is defined by a point estimate and the boundaries of the
fuzzy triangular fuzzy number are calculated as boundaries of the probability interval of mean value at

the pertinence level o (Fig. 4), (M6ller and Beer, 2004).
The estimates of the fuzzified mean value 7, and the estimate of the fuzzified sparsity 5 are

determined in the form of fuzzy numbers. The membership functions are approximated using angular
lines — Fig. 3. The bounding points — the bearer and core of the fuzzy sets — are given by parameters

i, ~[AL,m,,AR] (9)
52 ~|AL,52,AR] (10)

The values of cores 7z, and 5. are determined as the mean value and dispersion via conventional
relations for the random variable with Gauss distribution
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o= (1)
nio
— 1 —
= i 12
5= ) (12)

the values of the left and right boundary of the bearer of both fuzzy numbers are determined as
left and right boundary of the confidence interval of the mean value estimate and random variable
sparsity with Gauss distribution on the level of significance « = 0,01 (probability P = (1-a) = 0,99.

The membership functions () and y(sj) of the fuzzy sets #_and 5 are approximated

using angular lines. The breaking points are determined by the left and right boundaries of confidence
intervals used as the left and right boundaries of the a- sections. Fig. 3 shows the sections form the
fuzzy set m .

Fig. 3: Approximated membership function i,
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Source: own creation
Histogram method

The observed values x; are divided into subsets Xk and a histogram is assembled. The histogram is
then approximated by a suitable function.

Let us consider an approximation by linear function, leading to the gain of membership function in
the shape of a triangle or a trapeze. The left and right boundary of the function bearer is gained as the
intersection of the left and right approximation lines of the histogram with the x-axis. The intersection of
the left and right approximation line determines the tip of the triangular approximation. In the case of the
trapeze approximation, the left and right approximation lines determine the core of the fuzzy set (Fig. 4).
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Fig. 4: Linear transformation of histogram
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The equations of left and right approximation lines are gained using the method of the smallest
squares, minimalizing the difference of squares between the amount of observation in the k-th bar

n(X,) and the functional value of approximation s ,(x, ), where x,, is the mid point of the k-th
bar (Méller, 2004)

3 [n(x,) - w1, (x,,)] = min (13)

The Y coordinate of the intersection of the left and right approximation line is normed to the value
of 1.

| px) ’ _
“ (xf)‘[supmxf»} - a€(se) 14

For a = 1, the function shape is purely standardised. For a > 1, the membership function narrows
down, for a < 1, it widens (Fig. 5).

Fig. 5: Parametrization of membership function
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(Maller and Beer, 2004) (adapted)

The triangular membership function can be at level 1 subsequently modified by core towards a
trapeze function. It can also be modified by other conditions (subjective, expert).
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3 Results
3.1 Numerical examples

3.1.1 Artificial Data Set Analysis

The efficiency of the proposed method was verified on the fuzzy-stochastic analysis of the
randomly generated set N [3,1], containing 15 items. Such a set stems from a random variable with
known (normal) distribution and small scale (Tab. I.), (Siegel, 2012).

Tab. I: Random file

[2.68053, 2.15374, 3.33467, 1.37664, 2.74401, 2.40678, 4.52252,
247141, 412337, 2.28214, 4.59856, 4.34608 1.78819 1.63103 2.96888]

Source: own creation
The selection statistical parameters of the set m, =2,89 and o} = 1,13. The shape of this

histogram is shown in Fig. 6.

Fig. 6: Histogram of random file
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Source: own creation
The shapes of the membership functions of the fuzzified statistical parameters m, and & , in the

form of fuzzy numbers, were determined via the method of confidence intervals of the random variable
with normal distribution and their allocation to the a-cut of the membership functions. The allocation of

the confidence intervals and boundaries of the a-cuts is stated in Tab. II. (for 7_) and Tab. Ill. (for 57),

(Statistica, 2014).
Tab. ll: Membership function

Confidlence Membership function L - boundary R - boundary
evel a a-cut level
0,99 0,00 2,08 3,71
0,90 0,25 2,41 3,38
0,75 0,50 2,56 3,22
0,50 0,75 2,07 3,06
- 1,00 2,89

Source: own creation
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Tab. Ill: Membership function 5’

Cclnnfidence Membership function L- boundary R-boundary

evel a a-cut level

0,99 0,00 0,51 3,90

0,90 0,25 0,67 2,42

0,75 0,50 0,79 1,92

0,50 0,75 0,93 1,56
- 1,00 1,13

Source: own creation
Approximation of the membership functions 72, and &; by the angular lines is stated in Fig.7.

The non-symmetries of the membership functions 7, and &; correspond with the shape of the
histogram in Fig. 6.

Fig .7: Approximated membership functions m_a 5’
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Source: own creation *
3.21 3.2 Unemployment Real Data Set Analysis

In order to accomplish the fuzzy stochastic analysis of the real random variable, it is necessary to
gain a selection statistical set which would simultaneously be considered vague. Such a set would be
the observations shown in Tab. IV. which represent the unemployment rate values in the USA in the
years 1985 to 2008 (Statistical Information, 2013). This data cannot be statistically correct, as it was
mined over a long period in which it was impossible to create duplicable conditions and, at the same
time, it is small (n = 24).

Tab. IV: Real random file

[7.06.65.753546.37.3746.5555.6544.74.4
40395.76.05.75449445.07.4]

Source: own creation

The statistical parameters are the median med = 5.5500, and the mean value 7 = 5.6458. Fig 8.
shows the histogram of this set.
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Fig.8: Histogram of real random file
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Source: own creation

Exploratory graphic normality test method (using the normal probability graph method) was used to
estimate the distribution type of the set (Budikova, Kralovad and Maros, 2010). The result (Fig. 9)
confirms the presumption of normality.

Fig.9: Probability density graph of real random file
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Fig. 10a shows the result of the determination of the membership function of the median fuzzy
number using a histogram. This approach would have to be used in the scenario of an unknown
distribution of the fuzzy random variable. In Fig. 10b, the approximated triangular membership function
is normed.
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Fig. 10a: Membership function approximation Fig. 10b: Membership function
normalization

Source own creation

The results of the determination of the membership function of the fuzzy number of the median and
sparsity via their confidence intervals are shown in the Tab. V. and Tab. VI. The corresponding functions
are shown in Fig. 11.

Tab. V: Membership function i

Cclmfidence Membership function L- boundary R-boundary
evel a a-cut level
0,99 0,00 5,06 6,23
0,90 0,25 5,29 6,00
0,75 0,50 5,40 5,90
0,50 0,75 5,50 5,79
- 1,00 5,64

Source: own creation

Tab.VI: Membership function 5’

Confidence Membership function
level a a-cut level L- boundary R-boundary
0,99 0,00 0,54 2,59
0,90 0,25 0,68 1,83
0,75 0,50 0,77 1,54
0,50 0,75 0,88 1,32
- 1,00 1,04

Source: own creation
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Fig.11: Approximated membership functions 7 _and 5’
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Source: own creation
The mean value m_and sparsity 5 of the fuzzy random value are therefore defined by the shape

of their membership function, where this function bears the information about the size and uncertainty of
the values. If such fuzzy mean value or fuzzy sparsity is to be used in further mathematical calculations,
the solution will be determined not using the laws of normal, but rather of the fuzzy branch of
mathematics (Morderson and Nair, 2001). The result of such calculation is not a regular, but rather a
fuzzy number, once again bearing the information about its value as well as its uncertainty. The
uncertainty, the rate of witch is the width of the fuzzy interval, is not a stochastic uncertainty caused by
the effects of random influence (mean value sparsity). It is caused by vagueness, witch is in turn caused
by our lack of information about its size (the verbal equivalent of ,probably, approximately, roughly”).
The example is the determination of the amount of people out of the unemployed, who will in the
given year find work. Let us suppose that on January 1st, there will be 5 million employed and 0.5 million
unemployed individuals. It is also supposed that the year will see 38 % of the unemployed finding a job
and the real unemployment rate will be equal to the natural rate (Soukup et. al., 2009). Let us consider

that the fuzzy number Z of the amount of people in the productive age has the membership function
according to Fig. 12. The amount of unemployed in the year can be calculated using the fuzzy arithmetic
(Keprt, 2012) and the following relation

~ ~

N=m_Z

X

where m_=5,64% is the fuzzy natural unemployment rate, Z = 5,5 mil people is the fuzzy amount
of people in the productive age (Tab. VII.).

Tab.VIl: Membership function ¥

Confidence level a Membership function L- boundary R-boundary
a-cut level
0,99 0,00 26,80 35,50
0,90 0,25 28,30 33,90
0,75 0,50 29,16 33,04
0,50 0,75 29,97 32,13
- 1,00 31,02

Source: own creation
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The amount of people able to find a work position can be calculated using the fuzzy arithmetic in
the following manner

~

P=n-N

Where n = 38 % is the rate of finding the employment, N is the fuzzy amount of the unemployed
(Tab. VIIL.).

Tab.VIIl: Membership function P

Confidence Membership
level a function L- boundary R-boundary
a-cut level
0,99 0,00 10,18 13,50
0,90 0,25 10,75 12,88
0,75 0,50 11,08 12,55
0,50 0,75 11,39 12,21
- 1,00 11,79

Source: own creation

The shapes of the membership functions of the fuzzy numbers of the calculations results are
stated in Fig. 13 and Fig. 14.

Fig. 12: Approximated membership function Z
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Source: own creation

The cores of the triangular fuzzy sets state the clear value of the result, whilst the fuzzy interval
states the rate of uncertainty of the result. The level of possibility of occurrence of a value from an
uncertain interval is given by the level of membership of this value to a fuzzy set.
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Fig.13: Approximated membership Fig.14: Approximated membership
function N function P
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Source: own creation
The uncertainty of the results, given by the width of the fuzzy intervals, provides the user with the
information about the vagueness of the resulting values. This information is in the given concept
interesting and can be, by an expert, well interpreted.

4 Conclusion

Statistical methods can only reflect the uncertainty of the stochastic type. Inaccurate, unreliable
data, uncertainties which cannot be described or are insufficiently statistically described can be taken
into account merely in an approximate fashion. Thus, conventional methods of the statistical analysis
can be used only in a limited scope.

Application of the fuzzy stochastic approaches for the analysis of selection files can be tangible in
two cases. It is tangible especially when the test does not prove the validity of the hypothesis about the
stochastic character of the selection file. Secondly, it can be tangible in the scenario when the
conditions of representativeness of the selection file are not well met. This means that the file is of a
small scale, the statistical data are of uncertain accuracy or were gained in uncertain or non-
reproduceable conditions.

A number of analyses of practical systems in the area of social sciences require the use of an
integrated — fuzzy stochastic — approach and thus formalize the random fuzzy variables. However the
fuzzy random values may partially reflect a stochastic character, they may not be without any doubt
processed by purely statistical methods, as their stochasticity is accompanied and interrupted by
fuzzitivity. A fuzzy random value can be understood as a random value which was measured under
uncertain conditions, i.e. the observation was not done under exactly defined experimental conditions.
The processing of fuzzy stochastic uncertainty makes use of the approaches of the theory of fuzzy
random values. It uses mainly objective information, but subjective information can also be used.

The paper contains the issue of the probability theory of fuzzy random variables and determination
of their numerical fuzzy characteristics. The paper also introduces the definition of the most important
terms and gives examples of the use of fuzzy stochastic analysis of files of economic data.
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